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Abstract. Using the method of correlation dynamics we investigate the properties of a field-theory for
fermions and scalar bosons coupled via a Yukawa interaction. Within this approach, which consists in an
expansion of full equal-time Green functions into connected equal-time Green functions and a corresponding
truncation of the hierarchy of equations of motion we carry out calculations up to 4th order in the connected
Green functions and evaluate the effective potential of the theory in 1+1 dimensions on a torus. Comparing
the different approximations we find a strong influence of the connected 4-point functions on the properties

of the system.

PACS. 11.10-z Field theory — 11.10.Ef Lagrangian and Hamiltonian approach — 11.15.Tk Other nonper-

turbativ techniques

1 Introduction

Up to now the problem of strongly interacting fermion
and boson field-theories is not solved in a satisfying man-
ner and there is a need for nonperturbative approxima-
tion schemes. In the last decades many non-perturbative
approaches were developed such as variational methods
[1,2], Dyson-Schwinger-calculations [3,4] or the coupled
cluster expansion [5,6]. Among the approaches that are
based on techniques known from many-particle physics is
the method of correlation dynamics, which was success-
fully applied to the nonrelativistic nuclear many-particle
problem [7-9] and for the description of interacting boson
systems [10]. Within a formulation in terms of connected
equal-time Green functions the problem of ground-state
symmetry breaking was studied in detail for #*-theory in
141 and 2+1 space-time dimensions [11,12] as well as the
convergence properties of the truncation scheme applied
[13]. In this article the correlation dynamical approach is
extended from a pure boson theory to a field theory con-
taining both bosonic and fermionic degrees of freedom, i.e.
Yukawa-theory in 1 + 1 space-time dimensions.

The paper is organized as follows: In Sect. 2 we present
the connected Green function approach for Yukawa-theory
in 14 1 space-time dimensions and discuss the correlation
dynamical hierarchy for connected equal-time Green func-
tions in different truncation schemes. Furtheron, we study
the divergence structure of the Yukawa-theory in 1 + 1
dimensions and renormalize as in a comparable Gaussian-
Effective-Potential-(GEP)-approach [14]. In Sect. 3 we
show the results obtained in our numerical calculations for
different truncation schemes up to the level of connected
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4-point functions. A summary is given in Sect. 4 while the
Appendices contain the higher order cluster expansions
and all correlation dynamical equations of motion up to
fourth order.

2 Correlation dynamics of Yukawa-theory

2.1 The equations of motion for connected equal-time
Green functions

In the present work we investigate the Yukawa-theory in
1 + 1 space-time dimensions given by the Lagrangian,
£=Lto.0 000~ Lde? ¢ B(ivra, — Mp)w
= 50 = 5P + ("0, — Mp)
or the Hamiltonian density,

1 1 1
H = 5172 + 5(V¢)2 + §m23d52

+¥(—iyV + M)V + gp¥¥d. (2)

Here mp and Mp denote the bare masses of the boson
and the fermion fields, respectively, while gg represents
the bare Yukawa-coupling. The fields themselves have to
be considered as bare fields where we have dropped the
corresponding indices. They fulfill equal-time commuta-
tion relations for the boson fields

[B(2, 1), (y,1)] = i6@(x—y), (3)

[@(z, 1), 2(y,1)] = [(x,t), H(y,1)] = 0  (4)
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and equal-time anticommutation relations for the fermion

fields
{!l:/a(ili, t)v Wb(y7 t)} = 72b 6(V) (IB - y)? (5)

{Ta(, 1), By, 1)} = {Ya(,1),W(y. )} = 0, (6)

where a and b denote the components of the spinor. Mak-
ing use of these relations one obtains the time evolution
of any operator O via the Heisenberg equation

id, O = [0, H]. (7)

The equations of motion for the field operators read:

O P(x) = II(x), (8)
O Il(x) = (V3 — my)®(x) — gp¥i(z)¥i(z),  (9)
Oy @a(:l:) = alaVz@l(w) + ngﬂla@l(w) (10)

+i9351a@l (:B)@(:l?),

O Wyp(x) = —ay V¥ (x) — iMp Syl (x)
—igBLu¥(x)P(x),

where all operators are considered at the same time t
which is suppressed in our notation. In 1+1 dimensions
the Dirac-matrices are given by the repesentation

0 _ 10 1 _ 01
() =)
1 _ 51 _ 01

7 = fa —(—10)'

For any arbitrary product of these field operators the time
evolution is obtained correspondingly. The boson field mo-
mentum I is considered explicitly in order to end up
with equations of motion of first order in time. Due to
the Yukawa-coupling term the time evolution of any field
operator product, which consists at least of two fermion
fields or one boson field momentum, is influenced by field
operator products of the next higher order.

By taking the expectation value of these operator iden-
tities we end up with an infinite hierarchy of equations
of motion for equal-time Green functions which is equiva-
lent to the BBGKY !-density-matrix-hierarchy of ordinary
many-body physics [15]. For the lowest orders we find:

=@
Il
2

(11)

Oy (P(w1)P(x2)) = (I (21)P(x2))

+ (D(z1) [ (22)),

(12)

O (I (x1)®(x2)) = (V3, —m3p) (D(w1)P(x2)) (13)
+ (I (x1) 11 (22))

— g8 (U(z1) ¥ (x

! Bogoliubov-Born-Green-Kirkwood-Yvon

1)®(22)),
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O (I (z1) I (22)) = (V2 —mi @(961)17
B) (

- 9B (Wl(ﬂﬁl (
— g8 (Vi(22) ¥y (x2) 1T

Or (Wa(1)Wy(T2)) = 1a Ve, (U1(T1) ¥y (22))
— ap Va, (Va(z1)¥i(x2))
+ iMpPBa <Wz(w1 Py (x2))
— iMp By < o(T1)¥i(x2))
+igPia (Vi(1) ()P (1))
— 198 Bw (Ya(x1)¥(22)P(22)).

In order to solve this infinite set of equations a truncation
scheme must be applied. The ansatz of correlation dy-
namics consists of two steps: i) all full equal-time Green
functions are replaced by sums of products of connected
equal-time Green functions via a cluster expansion, which
leads to a — still infinite — hierarchy for the connected
Green functions, ii) a truncation scheme is applied to this
hierarchy by neglecting all connected equal-time Green
functions of order n > N. This closed set of equations
of motion for connected equal-time Green functions is de-
noted as the correlation dynamical N-point approrima-
tion.

Before deriving this set for the Yukawa-theory we sep-
arate the classical part from the boson field, since here we
are primarily interested in the effective potential of the
theory. The boson field is written as

(15)

d=3d)+ b, (16)

where @ is the classical contribution given by (@) = &g
and @ the pure quantum mechanical part with vanishing
expectation value (#) = 0. With this separation the ef-
fective potential of the field theory is equivalent to the
minimal energy density in the subspace of fixed vacuum
expectation value @y, i.e.

min

Vet (o) = (=} (EIH]Z), with (Z]|9|Z) = Do, (17)
(Z|2) =1.
Using (16) the modified Lagrangian reads
L= %a,LqS ohd — %m%(é + Bo)? (18)

+ U (iy"8, — Mp — gpDo)¥ — gpP PP,

and the corresponding Hamiltonian density is given by

1.y 1, 1 .
H = 5172 + 5(Vq5)2 + §m?B(di + @)? (19)

+ U (—iyV + Mg + gpPo)¥ + gpP¥d.
Since we take &g to be fixed, i.e. ;P9 = 0, we have

II =8, =0, = II. As a consequence the Hamiltonian
density now contains a contribution which is generated
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by the interaction part and has the same structure as the
fermion mass term. The modified equations of motion for
the full equal-time Green functions are obtained by re-
placing Mp by Mp + gp®y and the boson field @ by its
quantum part b,

The cluster expansion is derived from the relation be-
tween the generating functionals of full and connected
Green functions and by taking the well defined equal-
time limit. For the bosonic case this is presented in de-
tail in [11] in context of ®*-theory and thus will not
be repeated here. We only show the expansion for the
lowest order boson Green functions (with field operators

Oi(x;) € {P(xi), I () }):

(20)

(21)

(22)

In the fermionic sector the source terms appearing in
the generating functionals are anticommuting Grassmann
fields. Thus the cluster expansions differ from the boson
case and read in the lowest orders:

(W(@1)¥(x2)) = (P(@1)¥(22))c,

.. (24)

Due to the absence of fermionic n-point functions of odd
order the full and the connected 2-point function are
equivalent. Therefore the index . for the connected Green
functions can be dropped for (¢'¥) as in case of the boson
1-point function. For the mixed 3-point functions we find:

(U (1) ¥ (22)O3(x3)) = (U (1) ¥ (22)O3(T3))e
+ (F(x1)P (22)) (O3(3));

the higher orders up to the 5-point-level are given in Ap-
pendix A.

An insertion of the cluster expansions into the hier-
archy of equations of motion for full equal-time Green
functions leads to a corresponding hierarchy for con-
nected equal-time Green functions. In the present work
three different truncation prescriptions are applied to
this coupled set of equations, i.e. including all connected
equal-time Green functions up to the 2-point-, the 3-
point- and the 4-point-level. These approximations are

(25)
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denoted as Y111CD(2)-, Y14:1CD(3)- and Y141CD(4)-
approximation. As examples for the equations of motion
for connected equal-time Green functions we present those
of lowest order:

(D (x1)P(w2))e = (I (21)D(22))c (26)
+ (D) T(2))e
O (II(w1)D(x2))e = Hm1) (D(21)D(22))e (27)
+ (I (1) 11 (22)).
— g (T (1) W;(w1)D(x2))..
O (1)1 (23))e = t(m1) (D(@1)(22))e  (28)
+ t(x2) ([(1)d(x2))e
— g5 (F(@1)¥(x1)I1(22))c
— 9B <g_’($2)ﬁp($2)ﬁ(w1)>c,
(W (1) (2))e = H(®1)1a @l(xl)%(mz) ¢ (29)
— H(x2)p (Wal@)¥(22))e
+igBBia (Wi(21)W(x2) (1)),
— igB B (Pa(@1) W (x2)D(22))e,

where the connected 3-point functions are neglected in
the limit Y741CD(2). In (27)-(29) the following operators
have been introduced for the bosonic part

t(z) = (Vi —mp) (30)
and the fermionic part
Hx)ap == @ Ve + i(Mp + gpPo)Bas- (31)

With regard to a numerical treatment we expand all field
operators in a basis of orthonormal single-particle wave-
functions. Here we use a set of plane waves in a box of size
L with periodic boundary conditions. This choice allows
for an explicit exploitation of the translational invariance
of the theory. The expansion of the field operators is given
by:

() = Pa Xal®@),
ﬁ($) = Z T Xa(w)a
@a(w) = Z 'Jjaa Xa(m)v

B(@) = Y o xa(@), (32)

where the elements of the single-particle basis x, obey
the following orthonormality relations in v + 1 space-time
dimensions:

/ % X(@) x5(E) = Bap. (33)



358

The greek indices refer to the basis elements and the
latin indices represent the spinor components in (32). One
straightforwardly obtains the equations of motion for the
expansion coefficients of the connected equal-time Green
functions. Introducing the abbreviations

(@A) = / & X4 (@) 0, (@) 1o, (@), (34)
top = [ @ xi (@) [V2 — m3] xs(a)
— [ @3 @) te) xste) (35)

) [ Ve +i(Mp + g5%0) Bab] xp(x)

- / 4% X4 (@) () X5 (@), (36)
they read in lowest order:
(ol = (Tapp)e + (PaTp)e, (37)
d(mapp)e = (TaTp)e + Z tax (Prpp)e
A
— g8 Y (@lMAa) (Pir, Yir,0p)e,  (38)
A1 2
{TaTs)c Z tax (PaTa)e + tox (Tapr)e
— 9B Z (alMAg) (Pix, Yir,T8) e
A1 2
—g8 Y (BIMA2) (Pin, Yir,Tade,  (39)
A1 A2
<waawb,3 Z t)\a 1/11,\1%6} - EI,()B”;\ <1Laa’(/}n)\>c
+ignBa Y (@IMX2) (Yix, Yrspa,)e
A1 A2
—igpBu Y, (BIMA2) (Paatin, ©rs)e-
PV

(40)

Due to their length the equations of motion for further
Green functions are shifted to Appendix B. A diagram-
matical representation particularly for the time evolution
of a mixed 3-point function is given in Appendix C.

By using a finite basis of plane waves two cutoffs —
ultraviolet as well as infrared — are introduced. For a
given boxsize L the difference between two neighboring
momenta is Ak = 27/L such that a basis of n states in
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Fig. 1. The divergent diagrams of Yukawa-theory in 1 + 1
dimensions: the tadpole-diagram with superficial degree of di-

vergence D = 1 (left) and the polarization-diagram with D = 0
(right)

1+1 dimensions contains an ultraviolet momentum-cutoff
of kcut = (7’7, — 1)AI€/2

2.2 The renormalization scheme for Yukawa-theory

Before carrying out any calculations on the basis of the
correlation dynamical equations of motion one first has to
renormalize the Yukawa-theory. In 1 + 1 dimensions the
theory contains two divergent 1PI-diagrams, the tadpole
diagram and the polarization diagram (cf. Fig. 1), as can
be seen directly by evaluating the superficial degree of
divergence.

The tadpole diagram — due to its structure with only
one external boson line — requires a renormalization of
the external boson source. Therefore we have to consider
a Yukawa-Lagrangian extended by an additional boson
source term Jp®. The renormalization is then done by in-
troducing a source counterterm which cancels exactly the
divergences arising from the tadpole diagram. In contrast
to this prescription the bare source Jp is fixed in the GEP
approach by the requirement that the energy density has
to have a extremum at &o = 0 (cf. [14]). The result-
ing difference between the unrenormalized and the renor-
malized source in GEP calculation is fully equivalent to
the counterterm of the diagrammatical source renormal-
ization. One has to keep in mind that this renormalization
procedure for the boson source does not affect the cor-
relation dynamical equations of motion of the connected
equal-time Green functions. This results from the fact that
the boson source term only appears in the equations of mo-
tion for the 1-point functions. Since the 1-point functions
are taken to be fixed by means of the separation (16) no
adjustments in the integration procedure are necessary.

The handling of the divergent polarization diagram,
however, is more sophisticated. It turns out that the only
possibility to get rid of the divergence consists in a multi-
plicative renormalization of the coupling constant. In the
continuum the renormalized coupling constant has to be
defined as
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where I is an — in 141 dimensions logarithmically diver-
gent — integral of the type

I,(m) = /ﬁ GITm),  ORm) = VE? 2. (42)

2T

Thus for a finite renormalized coupling constant the bare
coupling has to be infinitesimally small. We adopt the
renormalization scheme of Ref. [14].

It is worth mentioning that there is no other renor-
malization prescription possible. A mass renormalization,
which is the naive approach to a diagram of that structure,
is not viable due to the equivalence of the renormalized
masses and the effective masses at &g = 0 in the GEP-
formulation. As a consequence the renormalized and un-
renormalized masses are the same for the bosons as well
as for the fermions, respectively. On the other hand, a
renormalization of the wavefunctions does also not lead
to a solution since the effective potential will become un-
bounded from below.

The GEP-calculation in the continuum leads to the
following approximation for the effective potential of the
Yukawa-theory in 1 4+ 1 dimensions:

1
Vegsen) = |gnt - | et @
In order to compare the GEP solution with a correlation
dynamical calculation one has to modify this expression
due to the evaluation of the theory in discretized momen-
tum space. In this case we remain with the following ex-
pression for a discretized GEP:

VEEP(Po) =2 81(M) — 2 51(M + gpPo)
1
+ 2MgpPo So(M) + §m2@02. (44)

In comparison to the continuum GEP the integrals are
replaced by the corresponding sums:

Sulm) = 7 37 @2 ),

i

On, () = 1/ k7 +m2.

We note that in the GEP as well as in any correlation dy-
namical calculation the vacuum expectation values with
respect to the perturbative vacuum are subtracted. Fi-
nally, the multiplicative renormalization procedure for the
Yukawa coupling constant has to be modified in the same
way:

(45)

9% = 9B So(M). (46)

3 Numerical results
3.1 2- and 3-point approximations

We first investigate the structure of the effective potential
of the Yukawa theory in 1 4+ 1 dimensions in the lowest
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orders of correlation dynamics, i.e. in 2-point and 3-point
approximation. In these calculations the effective poten-
tial is generated via an adiabatic switching of the coupling
constant gr in time. The coupling constant is increased
linearly — starting from the unperturbed groundstate with
gr = 0 — according to gr/m = at, where t denotes the
propagation time and « the “adiabaticity” parameter. In
the limit @ — 0 the Gell-Mann and Low theorem guar-
antees that the groundstate of the correlated system for
fixed coupling gr is reached [16]. For a detailed discus-
sion of the applicability of this method we refer to [13],
where this has been investigated explicitly for @#*-theory.
In the present case we only show that the applicability is
given for all couplings in the correlation dynamical 2-point
approximation. For the calculations we use m = M =5
MeV while the system of equations is integrated in a basis
of 19 plane waves and a boxsize L = 100 fm.

To show the adiabatic convergence we display the real
part of one coefficient of the connected Green function
(199). in Y141CD(2)-approximation evaluated for vari-
ous parameters « from o = 1071 ¢/fm to a = 2000~! ¢/fm
for a bosonic field expectation value @5 = 0 (cf. Fig. 2).
With decreasing « one finds a reduction of the oscillation
amplitudes. The corresponding increase of the oscillation
frequency is a consequence of the presentation as a func-
tion of the dimensionless coupling gr/m and therefore an
artefact of the time rescaling. For o < 50071 ¢/fm the cal-
culations have sufficiently well converged versus an asymp-
totic curve. All values of the observed quantity agree very
well with a corresponding discretized GEP-calculation as
presented by the solid line in Fig. 2. This also holds for
all other coefficients of (1)11)2).. Furtheron — except explic-
itly mentioned otherwise — we use a = 2000~! ¢/fm which
ensures convergence in all coupling regimes investigated.

0.320+———"+—7+—7—"—+—1"—TT—T
o 1 (10)" offim
AO os315d o (20)'1 cffm
o e (50)" c/fm
> 1% (100)" cffm ]
[5"- 0.310+4 (250)" c/fm —
v J - (500)" o/fm ]
=== (1000)" ¢/fm
0.305+ S (2000)" cffm 7]
4 GEP
0.3004
19 momentum states
5 M=m=5.0 MeV
02954 _ 100 fm ]
1 @,=0.0 -
0.29904———7——7——7—T7—7—+T1 717
00 01 02 03 04 05 06 07 08 09 1.0

gg/m

Fig. 2. One coefficient of the fermionic 2-point function
<1Z1¢2>C as a function of the dimensionless renormalized cou-
pling constant gr/m for various adiabaticity parameters a.
For ae — 0 one observes convergence of the Yi11CD(2)-results
towards the GEP-solution (solid line)
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<H>V [MeV?]

19 momentum states
M=m=5.0MeV
L=100fm

In 3-point and 4-point approximation, however, this is no
longer possible above some critical coupling (see below).

In Fig. 3 the effective potential of the Yukawa-theory
in 14 1 dimensions is presented in Y341CD(2)- and for
comparison in discretized GEP-approximation — as a func-
tion of the dimensionless coupling constant gr/m and the
boson field expectation value @4. In both approximations
one recognizes the parabolic structure of the effective po-
tential for small renormalized coupling constants. With
increasing coupling this parabola bends over and the effec-
tive potential turns negative above some critical coupling.
In contrast to the pure parabolic structure of the contin-
uum GEP (even for large gr/m) we obtain a double-well
shape in the discretized calculation. This behaviour is a
direct consequence of the ultraviolet cutoff induced by the
finite number of single-particle basis states and can be ex-
plained by a Taylor-expansion of the discretized effective
potential (44) around @y = 0,

) 1
Veis (o) = [—mZg%géM?s_l(M)}@% (47)

2
+ g3 o7 [ MS_1 (M) — MSS,Q(M)]

1 3
+ 9595 {Zs—l(M) - §M25—2(M)

+ ZM“S_;),(M)} + O(%}).

Due to the ultraviolet cutoff the bare coupling constant
does not become infinitesimally small but assumes a fi-
nite value. Therefore, in addition to the terms in the
continuum-limit, further contributions of higher order in
@, appear. Since the coefficients of the most important
terms, the S_i-terms, are positive, this leads to an in-
crease of the GEP for high values of ||

Another feature of the correlation dynamical approx-
imation on the 2-point-level within a finite set of ba-
sis states is the fact that for certain parameter regions
the Y141 C D(2)-approximation differs from the discretized
GEP-calculation. However, in the continuum limit with an
infinite number of basis states both approximations gener-
ate the same results since the GEP represents the station-
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Fig. 3. Effective potential in Yi41CD(2)-
approximation as a function of gr /m and ®g (right
part) and the effective potential in the discretized
GEP-approximation (left part)

ary limit of the field-theoretical Hartree-Fock-Bogoliubov-
(HFB)-approximation, which is equivalent to the correla-
tion dynamical 2-point approximation. The difference in
the discretized theory appears in all areas of the param-
eter plane where the effective fermion mass of the GEP-
calculation M = M + gpPy becomes negative and can
be interpreted as a result of a level-crossing effect. Be-
yond this hyperbola in the gr/m-®¢-plane the fermion
single-particle state of lowest energy in the noninteract-
ing case, i.e. the zero momentum mode, is energetically
preferred in comparison to the highest lying fermion sea-
state. Usually the highest sea-state and the first particle-
state in Dirac’s-picture are separated by twice the effec-
tive mass of the particle. In our case, where the effective
mass becomes less than zero, this leads to an interchange
of these states. Since in the Y711 CD(2)-approximation no
pair-production in the zero momentum mode is possible
within the adiabatic process, it does not reproduce the
true groundstate on the 2-point-level in the parameter-
regions where the level-crossing appears.

In the Y141C D(3)-approximation we find two new fea-
tures in comparison to calculations on the 2-point-level.
The first one is the existence of coupling regimes for small
boson background fields where the propagation of the sys-
tem of equations of motion breaks down. Thus results for
the effective potential in Y741 CD(3)-approximation are
only accessible up to coupling constants of gr/m =~ 0.8
for all @y. In contrast, the effective potential in 2-point
approximation can be evaluated for all values of the cou-
pling and the external background field. One finds that the
correlation dynamical propagation breaks down as soon as
the effective potential assumes a non-convex structure (cf.
Fig. 4) for the set of parameters (gr/m,Pq). This effect
is known from the correlation dynamical investigations of
@*-theory and was studied in [13]. The reason for the
breakdown lies in the fact that the cluster decomposi-
tion property of connected Green functions is not valid
anymore in a two-phase configuration as encountered in
the “non-convex” region of an effective potential, where
the correct energy density has a upper bound given via
a Maxwell-construction [17,18] that can be reached dy-
namically as soon as the approximation scheme allows for
tunneling. Due to the inadequacy of the cluster decompo-



S. Juchem et al.: Correlation dynamics of Yukawa-theory in 141 dimensions

— 40 L B e e e L e s Sy
% E 19 momentum states 1
S 20 M=m=50MeV -
— 4 L =100 fm B

2 4

A 0 0= 2000" ¢/fm -1
I(") - e
Vv -20 \ ]
-40 - \ -
-60 — \', ;
J '\‘ J
-80 | T

-100 LI E U

0.0 1.0 1.2 1.4
g./m

| ! ] T
19 momentum states
M=m=5.0 MeV ]
L =100 fm 1

o =2000" c/fm .

<H,,>/V [MeV?]

Fig. 4. 3-point contribution to the total energy density for
various values of the boson background field @¢ in Y141CD(3)-
calculation; for &9 > —1.0 (upper part) and for &g < —1.0
(lower part). The propagation breaks down for @¢ in the non-
convex region of the effective potential. As “breakdown point”
we specify those couplings at which either the propagation col-
lapses or the energy-density of the 3-point coupling part starts
to decrease rapidly

sition the connected Green functions are not restricted to
small values, but can dominate the full Green functions.
In the latter case the correlation dynamical truncation
is no longer a valid approximation. It is worthwhile to
point out that this unstable behaviour in the present case
is not a weakness of the correlation dynamical approach
since for those coupling strengths where the discretized
effective potential becomes non-convex, the system is no
longer bounded from below in the continuum.

The second aspect of the Y711CD(3)-approximation is
the reduction of the total energy density. While the global
shape of the effective potential — up to the critical coupling
constant — is not changed much one finds a significant
lowering of the energy density especially for boson back-
ground fields with small absolute values (cf. Fig. 5)). This
effect shows its maximum influence not for &y = 0, but for
such combinations of the coupling constant and the exter-
nal background field where the Y741 CD(2)-approximation
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Fig. 5. Difference of the effective potential in Y141 CD(3)- and
in Y141CD(2)-approximation

separates from the discretized GEP, i.e. where the effective
fermion mass becomes zero.

The reason for this behaviour is that in the
Y111CD(3)-approximation  (in  contrast to  the
Y111CD(2)-approximation)  pair-production in  the

fermionic zero-momentum mode can take place. Thus the
energy density can be lowered significantly in a region
where such a state is energetically preferred. In order to
understand why pair production in the fermionic zero
mode is not possible in the Yj;;CD(2)-approximation,
we treat the problem in particle-number representation.
We consider the mode expansions (within a discretized
momentum space) for all field operators

#(a) = —= 3 VI [ag +ab] o 49)

wo = T2,

(z) = ;—% za: \/% [aa - ag] etkam (49

Spl(ilf) = % Z \/ _Q%a [bauia + d:rivi&] eikawv (50)
0o = k2 + M?,

V;(z) = % PIRY. Qﬁa [bg@m + da@ia} etke® o (51)

where each annihilation operator annihilates the pertur-
bative vacuum.

Here the abbreviation -5 for the inverse momentum index
is introduced according to

ko +ks =0 VYa. (52)
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Evaluating the complete equation of motion for the
fermionic particle-number operator we find (using a, =

o +al) :

1
ML lladAg) —rn—
9B AZA:H 1A2) B o
112

X {(blb,‘\ld,‘\zmmui;l + (bldildw%vml}

1
—gsML Y (llaiiAo)

ALAa \/QQQ.Q)\luJ)\2
x {<b§1bad>\2>ﬂi5\1uia + <dA1bad,\2>@i,\lum} .
(53)

iat <b:rx ba> =

In (53) only operator products with 3 creation/ annihila-
tion operators lead to a nonzero r.h.s. (even for the zero
momentum mode), such that for all momenta a particle-
antiparticle production is possible. In a 2-point calculation
where the expectation values of the operator products are
factorized, only the following terms survive,

(0 05 dy) = (0a0p)(dy)

<.(¥.3> V 2mL¢06k770. (54)

In (54) the symbols e, represent an arbitrary fermionic
operator with the corresponding momentum index. In a
translationally invariant system one ends up with

k
th )= — Do tdt
D, (blby) = QgB@OQaIm{@ada)} (55)

which becomes zero for the zero momentum mode. Thus
when propagating the system in time — even with a si-

tion of the dimensionless coupling con-
stant gr/m for various adiabaticity
parameters o

1.6

multaneous variation of the coupling constant — the ex-
plicit appearance of the momentum k, in (55) prevents a
change of the occupation number in the zero momentum
mode.

3.2 The 4-point approximation

The highest order correlation dynamical approximation
investigated in the present work is the Yi4,CD(4)-
approximation. For these calculations we modify the size
of the box to 5 fm due to the enormous increase in the
number of differential equations that have to be inte-
grated. In this approximation all connected boson 3-point
functions as well as all connected 4-point functions, that
contain fermion degrees of freedom, must be propagated.
(Due to the special structure of the Yukawa interaction
the pure bosonic connected Green functions of order 4
disappear in this approximation scheme.) For practical
reasons we are limited to 11 basis states. One has to
choose a smaller boxsize in order to achieve a sufficiently
good ultraviolet convergence (at least for relative small
boson background fields and up to coupling constants of
gr/m = 0.8). All other parameters, that have been used
in the previous calculations, remain the same.

In Y14+1CD(4)-approximation we observe a novel ef-
fect for small boson background fields, i.e. the propaga-
tion becomes unstable at @, = 0 already for “low” cou-
pling constants gr/m < 0.4. In the limit « — 0 one no
longer achieves adiabatic convergence for gr/m > 0.4 (cf.
Fig. 6). These coupling strengths are much lower than
those for the non-convex phase of the system. To analyse
this behaviour in more detail we introduce the concept
of an equal-time self energy. One way to proceed this is
to define a G-matrix ngﬁ for the connected equal-time
Green functions via the foﬁowing relation between the full
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and the unconnected parts of the mixed 3-point function:

DG (Win Prs) (#rs)

A1 A2

= g8L*?70, D> (aldda) (Pin, Yosepr,) -
A1 A2

(56)

Due to translational invariance only the terms with k,, =
0 contribute on the Lh.s. of (56) and the equation for the
G-matrix reads

Z G (hinihg)
L _
= % D (Ao (Pn, Prsons ) (57)
S VW
where
Gap = Z Gy 0,0 (58)
has been introduced. Defining the self energy by
~ 1
Db = —) G oG, 59
af \/z ; a,@/\<90/\ 0 ap ( )

we can write the equations of motion for the fermionic
2-point function as

iat <&aawbﬁ> =1 Z {i’l/\aa <7Z)l)\wbﬁ> - {%l)\ <1zaa¢l)\>}
A

+> {flfa (ixbus) — Egﬂ%al/nﬁ} :
A
(60)

The self energies contain all contributions to the time evo-
lution that exceed the 2-point-level. Keeping this in mind
one can also define the self energies directly (and omit
the singularity at &y = 0 in (57)), such that the interac-
tion part in the equation of motion has the same struc-
ture as the free contribution. With regard to the observed
behaviour in Y;41CD(4)-approximation the self energy
of the expectation value of an operator product of two
fermionic particle operators is of interest:

Ztm (blbg) +th (bl.by)

+gs ML) (1|BA1A2) !

Are \/QQQQ)\IW)Q
X {(blb;\ld%)ﬂlﬁuzj\l + (b};d;l&%}ﬂwvih}

1
—gsML > (1adAz)

e \/QQQQ)\ILU)\Q

X {<b;1b5&>\2>ﬂi5\1uia + <d>\1b5d)\2>6i)\1uia} - (61)

ZE% b bﬁ
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Defining the self energy directly by

s ML Z (1|BA1A2) !

<bl¢b>\> A2 V282820, Wi,

x { by, iy, Vg, + (Bhd] v, | (62)

BA =

we remain with the following expression for the equation
of motion (62):

100105 = = [Faa + Exa] (0105)

A

+ [fm + fm} (bL0x), (63)
A

in which the free propagation part is given by the energy

in the noninteracting case, i.e. fag = {24,643. With the help
of these self energies one can construct the renormalized
mean-field

oG = (ReX)ap (64)
and the renormalized mean-field-hamiltonian
hpty = tap + UG (65)

The eigenvalues ¢, of (65) are the interesting quantities
because they correspond to the energies of the basis states
in the interacting case. Plotting the energies €, versus the
dimensionless coupling constant gr/m we obtain the fol-
lowing picture (Fig. 7): Whereas the single-particle ener-
gies do not change much for gr/m < 0.2, at gg/m = 0.25
a substantial lowering of the energy-levels — especially in
the zero-momentum mode — appears. For all other momen-
tum modes this behaviour is not so strong and shifted to
higher couplings gr/m. This contrasts the situation in the
Y1.11CD(3)-approximation. In the correlation dynamical
3-point approximation the decrease of the single-particle
energies is much slower. Here we have to mention that
for this behaviour in the Y711CD(4)-calculation no — in
comparison to the Y71 CD(3)-approximation — additional
terms appear in the self energy. Only the magnitude of
the terms in the self energy (62) is changed significantly
by the inclusion of the 4-point functions. Considering the
occupation numbers (bf,b,) one finds — as a consequence
of this rapid decrease of the single-particle energies — a
very strong population of the corresponding modes for
gr/m =~ 0.5 in the Y71 CD(4)-approximation (cf. Fig. 8).
For small couplings the zero momentum mode is occu-
pied only weakly while the occupation number has its
maximum in the first mode; all other modes follow corre-
sponding to their single-particle energies. When reaching
the critical coupling regime the single-particle energy for
the zero-momentum mode drops substantially such that
it can be populated to a high degree. Finally, for increas-
ing gr/m the occupation number of this mode exceeds
those of all other momentum modes and the zero mode
becomes occupied preferentially (cf. Fig. 9). Here we also
find a different picture in the Y;1CD(3)-approximation,
where the lowest momentum modes are populated only for
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very high coupling constants and with much less intensity
(cf. Fig. 8).

The same behaviour can be seen in the alternative
representation in Fig. 10 (upper part), where the occu-
pation numbers of the modes as well as the dimension-
less coupling constant are displayed logarithmically. For
small coupling constants the occupation numbers of all
momentum modes are almost the same in both approx-
imations. The linear increase indicates a scaling of the
occupation numbers with approximately the square of the
(unrenormalized) coupling constant. We recall that, with
exception of the zero-momentum mode, the occupation
numbers of all other modes in Y741 CD(3)-approximation
agree quite well with those of the 2-point calculations.
One can recover this dependence on gr/m analytically
from the GEP-solution in the small coupling limit. Fur-
thermore, one finds a scaling of the occupation numbers
with @3 if the absolute value of @ is small. Thus for low

number of the zero-momentum mode remains
small even for strong couplings

gr/m the occupation numbers of all momentum modes
(except the zero mode) are mainly determined by the 2-
point contributions. The particle number in the zeroth
mode is only influenced — due to the missing property of
pair-production in the 2-point approximation — by contri-
butions of higher order connected Green functions. Con-
sequently the zero mode (although preferred by energy) is
less populated than all residual modes. Its relative occupa-
tion number is increased in the Y71 C D(3)-approximation
for growing coupling gr/m. In Y11 C D(4)-approximation
we find approximately the same particle number (com-
pared to the Y71 CD(3)-approximation) for small gr/m.
For coupling constants gr/m = 0.2 the influence of the
4-point contribution begins to grow and first leads to an
increase of the occupation number of the zero mode, then
of all other modes with growing gr/m.

We have to point out that the observed effect persists
in the ultraviolet limit and is not an effect of the regular-

~
~
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Fig. 9. Fermionic particle occupation numbers (blba> of the
individual momentum modes as a function of the dimensionless
coupling constant gg/m = 0.04...0.64 (0.04) and the single-
particle energy e,. For coupling constants of about ~ 0.25 a
strong reduction of the single-particle energies e, — especially
of the zero-momentum mode — is observed

ization. This we conclude from the fact that the decrease of
the single-particle energies and the subsequent increase of
the occupation numbers appears in all momentum modes.
We speculate that this new effect is due to condensation
of fermion-antifermion pairs that only appears on the 4-
point-level.

In order to demonstrate that the steep rise in the occu-
pation number of the zero momentum mode is not an arte-
fact of the lower boxsize L we show in Fig. 10 (lower part)
the occupation number of the lowest momentum mode as
a function of gr/m for three boxsizes (L = 5 fm, 20 fm,
100 fm) in 3-point approximation using the usual param-
eterset of the 4-point approximation. One recognizes that
for all boxsizes L the occupation number of the zero mo-
mentum mode increases only smoothly with gg/m and
no breakdown appears in the displayed coupling regime.
Without explicit representation we note that the occu-
pation numbers for all higher lying modes in the 3-point
approximation essentially show a straight line as in the
upper part of Fig. 10, however, shifted as a function of
L. Therefore the difference between the Y;,.1CD(4)- and
the Y711 CD(3)-approximation is substantial and not just
an effect of the different L chosen in both approximations
before.

The regime of the classical boson field ®(, where this
behaviour can be found, is very small. Even for |$y| ~ 1.0
higher quantum correlations are suppressed so that the
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effect is no longer present. To illustrate the dependence
on ¢ we show in Fig. 11 the correlation strength of the
mixed 4-point-function (PWIIIT), i.e. the quantity

‘ (WITIT), | (66)

(PWIII)

(which plays an important role for the applicability of
the correlation dynamical approach [13]) as a function
of gr/m for various ®y. While the correlation strength in-
creases smoothly for small couplings, it grows rapidly for
a — @ dependent — critical coupling. Sharply peaked min-
ima are a result of a change in sign in (66). As discussed in
detail in [13] a high correlation strength is allways con-
nected with an increasing instability of the propagation
which in the present case leads to a breakdown. Here we
find that the stability of the system depends strongly on
the absolute value of @q; for &5 = 0.0 the effect is ob-
served first and is followed by ®¢-values of 0.1 and £0.2,
respectively. For boson background fields @y ~ 1 the sys-
tem becomes unstable only for relatively strong couplings
gr/m =~ 1.5, which is in the regime of critical coupling
constants as observed in the 3-point approximation. Thus
the discussed effect in the 4-point approximation is limited
to small background fields where quantum fluctuations are
most prominent.

4 Summary

In the present work we have investigated the groundstate
properties of the Yukawa-theory in 1 + 1 dimensions us-
ing the method of correlation dynamics. We derived the
infinite coupled hierarchy of equations of motion for con-
nected equal-time Green functions and introduced three
different truncation schemes, i.e. the 2-point-, 3-point- and
4-point approximation. Furtheron, we discussed the nec-
essary renormalization prescription for the Yukawa-theory
in 1 + 1 dimensions which — besides an implicit countert-
erm renormalization of the boson source — consists in a
multiplicative renormalization of the coupling constant.

In our numerical calculations we found the following
results:

— The generation of a correlated eigenstate of the inter-
acting theory is possible by adiabatically switching-on
the coupling constant (in line with the Gell-Mann and
Low theorem).

— The effective potentials in Y741 CD(2)- and discretized
GEP-approximation differ in the regime of “negative
effective fermion masses” in case of a finite basis set
due to an infrared- and ultraviolet-cutoff. These differ-
ences vanish in the infrared as well as in the ultraviolet
limit and are due to the noninclusion of zero mode pair
production in Y741 CD(2)-approximation.

— In the Y7,.1CD(3)-approximation the propagation
breaks down in the non-convex region of the effec-
tive potential where the continuum theory becomes
unbounded from below; this is also known from the
correlation dynamical investigations of ®*-theory and
can be attributed to tunneling [13].
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— In the Y11,CD(4)-approximation a novel effect is ob-
served, which has no analogon in the pure bosonic the-
ories investigated so far. Here the propagation breaks
down already for small couplings gr/m, which is no
longer a consequence of the transition to the non-
convex parameter regime, but due to strong correla-
tions induced by higher order connected Green func-
tions in the fermionic sector. The associated lowering
of the single-particle energies leads to a strong popu-
lation of the previously weakly occupied zero momen-
tum mode and finally to an increasing instability of the
system. We speculate that this new effect is due to a
condensation of fermion-antifermion pairs, but cannot
proove this explicitly due to the limited set of basis
states that can be employed numerically.
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ber of the lowest fermionic particle mode
in Y14+1CD(3)-approximation for various box-
sizes (L = 5 fm, 20 fm, 100 fm) (lower part)

gs/m

The last effect, that persists in the ultraviolet limit, shows
that novel phenomena appear in a theory with fermionic
degrees of freedom since such a behaviour was not ob-
served in any pure boson theory so far. Furthermore, it
demonstrates the importance of quantum correlations of
higher order especially for low or vanishing background
fields @¢. It remains to be seen if such effects will per-
sist also in gauge field theories such as QCD where the
correlation dynamical approach has been formulated in
[19].
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f), g) show the coupling to products of connected Green functions of lower order as a result of the cluster expansion
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— 1985 Z (BIMA2) (Yaatin, ©roTyTs)e

A1 A2

<'(/;aawbﬁ(p'yﬂ-5>c (77)
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—igBﬂbz§ (BIMA2) (YaathinTy)e (Prams)e
—igBﬁbzAi; (BIMA2) (Yaatir,Te)e (PraTr)e

— 9B AZA: 1<72|/\1/\2> (Yaoix,Ts)e (Vopthirg)e

- 9B g (YIMA2) (Paating)e (Yostin,Ts)e

~ 9B Ai:: (01X X2) (YaatiniTy)e (Yba¥ir)e

~ 9B ;; (6[MA2) (aatin)e (Yopthiramy)e  (T9)

Ot (YaaVbsteybas)c

= > 8 DintugtheyCashe + trs (YaaortbeyVas)e
A

- Z t:l)\ <1Zaa’(/_}bﬂ¢l)\wd5>c + {gl)\ <'J}aa{¢_jb[‘3wcwwl)\>c
A

+ignBia Y (alMAa) (Yin,Yas)e (Vogther$rs)e

A1 A2

— 19808 Z (A1 A2) (ixg ey )e (VbgthasPrs e

A1 A2

+igBﬂlb Z <ﬁ|>\1)\2> <1/_}l)\1'l/}c'y>c <'l;/_}aa'l/)d5@)\2>c

A1 A2

— 98O0 Z (BIMA2) (Win, Yas)e (YaateyPars)e

A1 A2

+igaBa Y (VMA2) (aatin, e (Yogtasors)e

A1 A2

—igBe Y (YAde) (Bosthin,)e (Yaatasr,)e

A1z

+igBﬁdl Z <5|)\1)\2> <1z)b,@wl>\1>c <¢aa¢c’y§0)\2>c

A1z

—igpBa Y (51MA2) (Paathing)e (Poaterors)e

A1 A2

C Diagrammatical representation of the
equation of motion for a connected
equal-time 3-point function

To clearify the structure of the correlation dynamical
equations of motion we introduce a diagrammatical repre-
sentation. In Fig. 12 we demonstrate this for the equation
of motion of the connected equal-time 3-point function
(Yaappmy)c, where all contributions are displayed which
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arise from the ¥- or the I1-part of the Green function (the
contributions from field operator ¥ have the same struc-
ture as the ones from ¥ only modified by a relative minus-
sign). The n-point connected equal-time Green functions
are represented by triangles or rectangles with a corre-
sponding number of field operators while the greek letters
at the lines — fermionic lines: solid, bosonic lines: dashed —
going out of the connected Greenfunctions denote the mo-
mentum indices with respect to the chosen single-particle
basis — spinor indices are neglected for transparency. We
mention that all diagrams that emerge due to the appli-
cation of the cluster expansion on the equation of motion
for the corresponding unconnected 3-point function con-
tribute which are connected in the usual (Feynman-)sense,
while all disconnected diagrams cancel out when going
over from the hierarchy for unconnected Green functions
to the hierarchy for connected Green functions.
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